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Abstract
We discuss a sufficiently large 4-dimensional Schwarzschild black hole which
is in equilibrium with a heat bath. In other words, we consider a black hole
which has grown up from a small one in the heat bath adiabatically. We express
the metric of the interior of the black hole in terms of two functions: One is
the intensity of the Hawking radiation, and the other is the ratio between the
radiation energy and the pressure in the radial direction. Especially in the case of
conformal matters we check that it is a self-consistent solution of the semi-classical
Einstein equation, Gµν = 8piG〈Tµν〉. It is shown that the strength of the Hawking
radiation is proportional to the c-coefficient, that is, the coefficient of the square
of the Weyl tensor in the 4-dimensional Weyl anomaly.
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1 Motivation
A large black hole evaporates slowly in the vacuum [1], and it also becomes equilibrium
with the heat bath of the Hawking temperature [2]. Especially we can grow a small
black hole to a large one adiabatically, and vice versa, by changing the temperature of
the heat bath properly1. Then, the inside of the black hole is expected to be stuffed with
matters and radiations, and it should make sense to consider the metric inside the black
hole. In fact, we show that the whole history of the black hole including formation and
evaporation can be described by the Schwarzschild coordinate globally. Furthermore,
we also demonstrate that the energy is distributed in the whole region inside the black
hole, while the pressure is totally anisotropic: 〈T θθ〉 ≫ 〈T rr〉. In this sense our picture
is different from membrane models [3] and fluid models.
In particular, we can consider the inside metric of a Schwarzschild black hole with
radius a which is in equilibrium with a heat bath. Because it is static and spherically
symmetric, we can parametrize it as
ds2 = − 1
B(r)
eA(r)dt2 +B(r)dr2 + r2dΩ2, for r < a . (1.1)
In general, A(r) and B(r) depend on the radius a. However, we can show that such
metric is nearly independent of the radius a, as follows. First, we discuss the relaxation
time of the black hole. As is well-known, the time scale of the evaporation of a black
hole with radius a is of order a
3
l2p
. Here lp is the Planck length, l
2
p ≡ G~. Therefore, it
is natural to postulate that the relaxation time of the black hole is at most of order a
3
l2p
.
In other words, a change slower than this time scale can be regarded as an adiabatic
change. On the other hand, as we will see in the next section, the redshift factor inside
the black hole is exponentially large so that the time inside is almost frozen. Therefore,
if we consider a process in which a black hole with a is adiabatically shrunk to a′ in
the heat bath, the metric at r < a′ changes very little. It is because the inside time
corresponding to the outside time scale of order a
3
l2p
is very small due to the exponentially
large redshift. This means that the metric at r < a′ of the black hole with radius a′ is
the same as that of the black hole with radius a. Thus, as a first trial, we assume that
the metric A(r) and B(r) do not depend on the size of the black hole.
Using the same argument we can show that the inside of the black hole in the vacuum
which has been made adiabatically has the same metric as that in equilibrium. In fact,
if we put an evaporating black hole into a heat bath, it will become equilibrium in the
relaxation time, which we have assumed at most of order a
3
l2p
. Again the metric inside is
almost frozen, which indicates that two metrics are the same.
In the following part we will give the metric (1.1) in terms of two phenomenological
functions, and see that the above discussion is consistent.
1In such process we also need to change the size of the heat bath properly because a black hole has
the negative heat capacity.
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2 Determination of A(r) and B(r)
In the vacuum a black hole with a large mass m = a
2G
compared with the Planck mass
evaporates slowly according to [1]
da
dt
= −2σ(a)
a2
. (2.1)
Here σ(a)/l2p is a quantity of order one. σ(a) describes the intensity of the Hawking
radiation, and depends on the detail of the theory, such as the number of fields. In
general σ(a) varies with a slowly compared with lp;
dσ
da
lp ≪ σ.
In order to determine A(r) andB(r), we first investigate the surface of the Schwarzschild
black hole with radius a. Here the surface means the boundary between the empty space
and the region filled with the matters and radiations. We denote the radius of the sur-
face by R(a). In other words, the region r < R(a) is filled with matters and radiations,
while the region r > R(a) is empty. From the following argument we can show that the
notion of the surface is universal and plays a crucial role in the quantum mechanical
description of black holes.
To do it, let us consider the motion r(t) of a test particle approaching to the evapo-
rating black hole. We assume that outside the black hole the metric is given by
ds2 = −r − a(t)
r
dt2 +
r
r − a(t)dr
2 + r2dΩ2 . (2.2)
If r(t) is sufficiently close to a(t), it is determined by
dr(t)
dt
= −r(t)− a(t)
r(t)
, (2.3)
no matter what mass or angular momentum the particle has. From this we see that the
particle approaches the radius a in the time scale of a. However, in this case the radius
a(t) itself is slowly shrinking by the Hawking radiation. Therefore, the particle cannot
catch up with the radius a completely. Instead, r(t) is always apart from a(t) by −ada
dt
.
Actually, the solution of (2.3) is approximately given by
r(t) ≈ a− ada
dt
+ Ce−
t
a
= a+
2σ
a
+ Ce−
t
a (2.4)
where C is a positive constant and we have used (2.1) to obtain the second line2. This
2Putting r(t) = a(t) + ∆r(t) in (2.3) and assuming ∆r(t)≪ a(t), we have d∆r(t)dt = −∆r(t)a(t) − da(t)dt .
The general solution is given by ∆r(t) = C0e
−
∫
t
t0
dt′ 1
a(t′) +
∫
t
t0
dt′
(−dadt (t′)) e− ∫ tt′ dt′′ 1a(t′′) , where C0
is an integration constant. Here, because of (2.1), a(t) and dadt (t) change so slowly that they
can be considered constant in the time scale O(a). Then, the second term can be evaluated as∫
t
t0
dt′
(−dadt (t′)) e− ∫ tt′ dt′′ 1a(t′′) ≈ −dadt (t) ∫ tt0 dt′e− t−t′a(t) = −dadt (t)a(t)(1 − e− t−t0a(t) ). Therefore, we reach
∆r(t) ≈ C0e−
t−t0
a(t) − dadt (t)a(t)(1 − e−
t−t0
a(t) ), which leads to (2.4).
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result indicates that any particle approaches
R(a) ≡ a + 2σ
a
(2.5)
within the time scale of O(a). Therefore, any black hole with the Schwarzschild radius
a has such a universal surface at r = R(a), no matter how it has been formed. Thus, it
is natural to postulate that A(r) and B(r) in (1.1) can be used up to r = R(a):
ds2 = − 1
B(r)
eA(r)dt2 +B(r)dr2 + r2dΩ2, for r ≤ R(a) . (2.6)
Note that R(a) is slightly larger than a due to the quantum effect, and the horizon no
longer exists.
Now we can determine B(r) as follows. First grr on the surface is obtained from
(2.2) by setting r = R(a):
grr|r=R(a) = R(a)
R(a)− a =
R(a)a
2σ(a)
≈ R(a)
2
2σ(R(a))
. (2.7)
In the last expression we have replaced a with R(a) because 2σ
a
is much less than a
for a large black hole, a ≫ lp. This can be directly compared with B(R(a)) in (2.6)
because the radial coordinate r is uniquely fixed in the Schwarzschild coordinate (2.2):
B(R(a)) = R(a)
2
2σ(R(a))
. Because this result holds for any a, and we have postulated that
A(r) and B(r) do not depend on a, we find that the function B(r) is universally given
by the function σ(r) as
B(r) =
r2
2σ(r)
. (2.8)
Next, in order to fix A(r), we consider the energy-momentum flow inside the Schwarzschild
black hole which is in equilibrium with a heat bath. It is characterized by the following
time-reversal symmetric equations:
−〈T µν〉kν = η(lµ + f(r)kµ), − 〈T µν〉lν = η(kµ + f(r)lµ) , (2.9)
where f(r) is a quantity of order one and varies slowly compared with lp, and l and k
are the radial outgoing and ingoing null vectors, respectively:
l = e−
A
2 ∂t +
1
B
∂r, k = e
−A
2 ∂t − 1
B
∂r . (2.10)
They transform under time reversal as (l,k) → (−k,−l). These equations can be
rewritten as
〈T kk〉 : 〈T lk〉 = 1 : f, 〈T kk〉 = 〈T ll〉 , (2.11)
where T kk stands for T µνkµkν , and so on.
Now we discuss the physical meaning of f . The vector P µ = 〈T µk〉 at r represents
the energy-momentum flow through the ingoing lightlike spherical surface S of radius
3
r. We can regard S as the surface of an evaporating black hole because the radius of
S satisfies (2.3). Then, P µ describes the Hawking radiation from the black hole. If the
radiated particle is massless and propagates outward along the radial direction without
scattering, P µ should be parallel to lµ, which means f = 0. Therefore, f represents the
deviation from this ideal situation. If the radiated particle is massive, P µ is timelike,
and we have f > 0. Even when the particle is massless, f can become non-zero if the
particle is scattered in the ingoing direction. This is because such a scattered particle
comes back to the surface in the time scale of a, as in (2.4), and produces an energy-
momentum flow along k direction. Finally, we point out that (2.11) can be expressed
in terms of the ratio between the energy density −〈T tt〉 and the pressure in the radial
direction 〈T rr〉:
〈T rr〉
−〈T tt〉 =
1− f
1 + f
. (2.12)
Once f(r) is given, we can determine A(r). Using (2.12) and the Einstein equation,
we have
2
1 + f
=
Grr
−Gtt + 1 =
r∂rA
B − 1 + r∂r logB ≈
r∂rA
B
. (2.13)
In the last equation, we have used B ≫ 1 and B ≫ r∂r logB for r ≫ lp, which can be
easily shown from (2.8). Thus, we obtain
A(r) =
∫ r
r0
dr′
r′
(1 + f(r′))σ(r′)
, (2.14)
where r0 is a reference point.
Now, by connecting (2.6) and the Schwarzschild metric at the surface, we can write
down the metric of the black hole with radius a0 which is in equilibrium with the heat
bath:
ds2 =
{
−2σ(r)
r2
e
− ∫R0
r
dr′ r
′
(1+f(r′))σ(r′)dt2 + r
2
2σ(r)
dr2 + r2dΩ2, for r ≤ R0 ,
− r−a0
r
dt2 + r
r−a0dr
2 + r2dΩ2, for r ≥ R0 ,
(2.15)
where R0 = a0 +
2σ(a0)
a0
. This metric is continuous at r = R0
3.
Similarly, we can construct the metric of the evaporating black hole in the vacuum.
In order to do that, we first rewrite the metric (2.6) in the Eddington-Finkelstein-like
coordinates as
ds2 = −eA(r)2
(
1
B(r)
e
A(r)
2 du+ 2dr
)
du+ r2dΩ2 , (2.16)
where we have introduced u-coordinate by du = dt − B(r)e−A(r)2 dr. Then, we obtain
the metric by connecting (2.16) to the Vaidya metric [4] along the null surface S:
ds2 =

−e
− ∫R0(u)
r
dr′ r
′
2(1+f(r′))σ(r′)
(
2σ(r)
r2
e
− ∫R0(u)
r
dr′ r
′
2(1+f(r′))σ(r′)du+ 2dr
)
du+ r2dΩ2, for r ≤ R0(u) ,
− r−a0(u)
r
du2 − 2drdu+ r2dΩ2, for r ≥ R0(u) ,
(2.17)
3The inside metric of (2.15) does not exist in the classical limit ~→ 0 because σ(r) = ~GO(1).
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where R0(u) = a0(u)+
2σ(a0(u))
a0(u)
. This metric is continuous at r = R0(u). The spacetime
described by this metric has the same topological structure as the flat Minkowski space
[5].
3 Consistency checks
We check the consistency from various points of view. First let us check that the redshift
factor inside the black hole is indeed exponentially large. The tt-component of (2.15)
behaves as −gtt ∼ exp
(
− a0
(1+f)σ
(R0 − r)− 2 log a0√2σ
)
slightly below the surface, r . R0.
Here we have used the fact that σ(r)/l2p and f(r) are quantities of order one, and thus
small compared to r/lp. This means that the time flows only in the near-surface region
with the width of O
(
l2p
a0
)
, and the time is frozen in the deeper region, as we have
assumed.
Next we examine the validity of the use of the Einstein equation. From (2.15) we
can estimate the geometrical invariants for lp . r ≤ R0 as
R,
√
RµνRµν ,
√
RµναβRµναβ ∼ 1
(1 + f)2σ
. (3.1)
This means that if the condition
σ(1 + f)2 ≫ l2p (3.2)
is satisfied, the curvature is small compared to l−2p , and we can use the Einstein equation
without introducing the higher-derivative corrections in the entire spacetime. In general,
it can be realized if we have sufficiently many fields and renormalize the coefficients of
the higher-curvature terms to O(1) (not proportional to the number of fields). Although
this field-theoretic approach does not apply to the small region 0 ≤ r . lp, the curvature
at r ≈ lp is smaller than the Planck scale as (3.1), and dynamics in such a small region
would be resolved by string theory. In this sense, this metric does not have a singularity.
Then, we investigate the behavior of the energy-momentum tensor inside the black
hole. They can be evaluated from (2.15) for r ≫ lp as
−〈T tt〉 = 1
8piG
1
r2
, 〈T θθ〉 = 1
8piG
1
2(1 + f)2σ
. (3.3)
The energy density −〈T tt〉 is positive definite, and it gives the mass of the black hole
correctly:
m = 4pi
∫ R
0
dr′r′2(−〈T tt〉) ≈ a
2G
. (3.4)
However, the dominant energy condition is broken. This is because the pressure in the
angular direction 〈T θθ〉 is much larger than −〈T tt〉 and 〈T rr〉. The existence of large
〈T θθ〉 makes a significant difference from the 2-dimensional models [6]. Such a large
pressure seems mysterious, but as we will see in the next section, it can be naturally
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understood by the 4-dimensional Weyl anomaly. This large pressure leads to drastic
anisotropy, and the inside is not a usual fluid, but should be viewed as a multi-layer
structure4. This picture is consistent with the idea of firewall [8] in the sense that there
is the intense energy density near the surface of the black hole.
Finally, we check that the energy-momentum flow P µ = 〈T µk〉 through the ingoing
lightlike spherical surface S is consistent with the strength of the Hawking radiation
σ(r). The total energy flux measured by the local time is given by
J ≡ 4pir2P µuµ = 4pir2 1
B
(−〈T tt〉) = σ
Gr2
, (3.5)
where u = e−
A
2 ∂t, and at the last equation we have used (2.8) and (3.3). This is
consistent with (2.1), from which we have J = −dm
dt
= σ
Ga2
.
4 The case of conformal matters
As an example of the metric (2.15), we discuss the case of conformal matters, and show
explicitly that the metric (2.15) is a self-consistent solution of the semi-classical Einstein
equation, Gµν = 8piG〈Tµν〉. From the the Weyl anomaly [9], we have
Gµµ = 8piG〈T µµ〉 = γF − αG + 2
3
βR , (4.1)
where F ≡ CµναβCµναβ and G ≡ RµναβRµναβ − 4RµνRµν +R2. We have introduced the
reduced notations
γ ≡ 8piG~c, α ≡ 8piG~a, β ≡ 8piG~b , (4.2)
where c, a, b are the coefficients in the Weyl anomaly. This equation together with the
assumption (2.11) determines A(r) and B(r) as follows.
Here we assume that A(r) and B(r) are large quantities of the same order as in (2.8)
and (2.14):
A(r) ∼ B(r)≫ 1 . (4.3)
In order to examine what terms dominate in (4.1) for r ≫ lp, we replace A, B and r
with µA, µB and
√
µr, respectively, and pick up the terms with the highest powers of
µ. Then we evaluate (4.1) as 5
A′2
2B
+· · · = γ
(
A′4
12B2
+ · · ·
)
−α
(
−µ−12A
′2
r2B
+ · · ·
)
+
2
3
β
(
µ−1
[
A′3B′
4B3
− A
′2A′′
2B2
]
+ · · ·
)
.
(4.4)
Therefore, under the assumption µ≫ 1, (4.4) becomes A′2
2B
= γ A
′4
12B2
, that is,
B =
γ
6
A′2 . (4.5)
4Note that a similar picture is discussed in the context of black star [7].
5As we mentioned below (3.2), we assume that the coefficients of the higher-curvature terms are
renormalized to O(1). However, α and γ can be large because they are not changed by counter terms.
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By combining this equation with (2.13), which is the consequence of (2.11), 2
1+f
= r∂rA
B
,
we obtain
A′ =
3(1 + f)r
γ
, B =
3(1 + f)2r2
2γ
. (4.6)
We expect that the dimensionless function f(r) is a constant in the case of conformal
fields. Then, we can obtain easily the inside metric of the Schwarzschild black hole.
Note that this solution depends only on two parameters: One is the c-coefficient, which
is determined by the matter content, and the other is the constant f , which depends on
the detail of the dynamics.
By comparing the second equation in (4.6) and (2.8), we find
σ =
γ
3(1 + f)2
. (4.7)
Now the condition for the curvature to be small (3.2) becomes γ ≫ l2p, that is,
8pic≫ 1 . (4.8)
It is interesting that the strength of the Hawking radiation is proportional to the c-
coefficient of the 4-dimensional Weyl anomaly[10] [11]. The positive Hawking radiation
ensures the positivity of the c-coefficient 6.
Finally, we mention the origin of the strong pressure in the angular direction. From
(3.3) we can show 〈T θθ〉 = 12〈T µµ〉 for r ≫ lp. This means that the large pressure
naturally comes from the Weyl anomaly.
5 Energy flow inside the black hole
In this section, we discuss how the energy flow is created or annihilated inside the black
hole. First we consider the outgoing energy flow (3.5). The energy flow created in the
thin spherical region between r−∆r and r is given by ∆J(r) = J(r)−J(r−∆r) eA(r−∆r)
eA(r)
≈
e−A(r)∂r[eA(r)J(r)]∆r . Here the factor eA represents the square of the redshift factor e
A
2
because J is energy per unit time. This equation together with (2.14) and (3.5) gives
∆J
∆r
= 1
G(1+f)r
for r ≫ lp, which means that the outgoing energy is produced at each
region and increases as it goes outward.
Similarly, we can consider the ingoing energy flow. From the time reversal we see
that it decreases as it goes inward. This can be interpreted that the ingoing energy of
the matter fields is reduced by the negative energy generated inside the black hole [13].
However, the positive energy brought by the ingoing matter is greater than the negative
energy so that the total energy density is positive everywhere as we have seen in (3.3).
Therefore, in order to understand the information problem [14, 15], it should be
important to consider interaction among the ingoing positive energy of the infalling
matter, the ingoing negative energy, and the outgoing positive energy created inside the
black hole.
6This is consistent with a discussion based on spectral representation [12].
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6 Conclusions and Discussions
If we start with the fact that black holes evaporate, we can obtain a self-consistent
picture of the spacetime. We have considered Schwarzschild black holes which are grown
up adiabatically in the heat bath, and constructed the interior metric (2.15). It is
expressed in terms of two physical quantities: One is the intensity of the Hawking
radiation σ(a), and the other is the ratio between the energy density and the pressure
in the radial direction f(r). This is the self-consistent solution of Gµν = 8piG〈Tµν〉,
which has neither horizon nor singularity. The Planck scale corrections can be ignored
as long as we have sufficiently many fields and renormalize the coefficients of the higher-
curvature terms to O(1). There is large pressure in the angular direction inside the
black hole, which is naturally understood by the Weyl anomaly in the case of conformal
matters. Because of that, the dominant energy condition is violated.
We have also constructed the metric of an evaporating black hole in the vacuum
by connecting the inside metric to the Vaidya metric on the ingoing lightlike spherical
surface. The resulting metric (2.17) has neither a singularity nor a trapped region. In
our analysis we have considered black holes which are formed adiabatically. On the
other hand, it is known that an apparent horizon would appear in the generic process of
the black hole formation [16]. Even in such cases we expect that the dominant energy
condition is broken by a mechanism similar to ours, and the singularity theorem is
avoided [17]. Because the time scale of the black hole evaporation is the same as the
postulated relaxation time, the general black hole is expected to approach to a structure
that is not very far from (2.15).
Although we have not discussed the Hawking temperature in this letter, we can use
the same analysis as in [5]. We can show that the number of the particles at r takes the
form of the Planck-like distribution with the temperature T (r) = ~
4pir
.
In this paper we have proposed a phenomenological description of the black hole,
which can be consistently realized by field-theoretic models. It gives a simple picture
that black holes are no different from the ordinary objects. In particular, black holes
can be created and annihilated without affecting the global structure of the Minkowski
space. One of the biggest mysteries of the black hole is where the entropy is stored,
which is interesting also from the viewpoint of quantum information. Since the entire
metric is determined in our picture, we should be able to solve it by investigating how
the energy and information of matters are transferred into radiation through a black
hole. We also have seen that our picture becomes consistent if the theory contains many
fields. It would be interesting to study this effect in the context of string theory, which
could give some new insight into the Planck scale physics.
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